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INSTRUCTIONS

Use black ink. You can use an HB pencil, but only for
graphs and diagrams.

If you use the Printed Answer Book, write your answer

to each question in the space provided in the PRINTED
ANSWER BOOKLET. If you need extra space use the
lined pages at the end of the Printed Answer Booklet. The
question numbers must be clearly shown.

If you use the Printed Answer Book, fill in the boxes on
the front of the Printed Answer Booklet.

Answer ALL the questions.

Where appropriate, your answer should be supported
with working. Marks might be given for using a correct
method, even if your answer is wrong.

Give your final answers to a degree of accuracy that is
appropriate to the context.

Do NOT send this Question Paper for marking. Keep it in
the centre or recycle it.

INFORMATION
The total mark for this paper is 144.

The marks for each question are shown in brackets [ ].

ADVICE

Read each question carefully before you start your
answer.



SECTION A (33 marks)

1

The complex number ;7 satisfies the equation
7+ 2iz*+1—-4i=0.

You are given that ; = x + iy, where x and y are real
numbers.

Determine the values of x and y. [4]

In this question you must show detailed reasoning.

Find the acute angle between the planes
2x—y+2z=5and x+2y+z=38. [4]

Using standard summation formulae, show that, for
integers n > 1,

1><3+2><4+...+n><(n+2)=%n(n+1)(an+b),

where a and b are integers to be determined. [5]



4 (a) You are given that M and N are non-singular 2 x 2
matrices.

Write down the product rule for the inverse
matrices of M, N and MN. [1]

(b) Verify this rule for the matrices M and N, where

a 1 —
M‘{o 1]a"dN‘[1 b

non-zero constants. [6]

] and a and b are

5 The cubic equation 2x® — 3x +4 = 0 has roots o, B
and y.

Determine a cubic equation with integer coefficients
whose roots are %(oc +1), %(ﬁ + 1) and %(y+ 1). [4]



6 The figure below shows the curve with cartesian
equation (x2 +y2)2 = Xxy.

y

A

(a) Show that the polar equation of the curve is

% = gsin bO, where a and b are positive constants

to be determined. [3]
(b) Determine the exact maximum value of r. [2]

(c) Determine the area enclosed by ONE of the loops.

[4]



SECTION B (111 marks)

7

In this question you must show detailed reasoning.

By first expressing — in partial fractions, show

x“—4

that foo 1 dx = llnn , Where m and n are integers
3 x2—4 m
to be determined. [8]

The function f(x) is defined as f(x) = In(1 + x),
for x >—1.

(a) Prove by mathematical induction that the nth
derivative of f(x), f")(x), for all n > 1, is given by

_q\yn+1 n—1)
"=

() —
) (1+x)"

(b) Hence prove that

2 3 _4q\n+1_n
ln(1+x)=x—x?+x?—...+( 1)n AN

for -1 <x<1.

[You are not required to show this series for
In(1 + x) converges for -1 < x < 1.] [3]



9 The figure below shows an Argand diagram with a
REGULAR pentagon ABCDE. The point A represents
the real number 1. The point B represents the complex

number w.
Im
A
B
C/
A
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D‘\
E

(a) (i)

(ii)

(iii)
(b) (i)

(ii)

Write down, in terms of w, the complex
numbers represented by the points C, D and E.

[1]

Write down an equation whose roots are the
complex numbers represented by the points A,
B, C,D and E. [1]

Show that the sum of these roots is zero. [2]

Find w. Give your answer in the form
r(cosO +isinB), where r > 0 and 0 = ki,
where k is a positive constant to be found. [1]

By considering the line segment AB, show
that the length of each side of the pentagon is

25in%. [5]



10 In this question you must show detailed reasoning.

1

Evaluate fz 2 2
0 x“—x+1

dx. Give your answer in exact

form. [4]

11 The lines /, and /, have equations

x—3_y+1:z—2
a b 1

ly: £ =2i+]+3k+A(—i+cj+2K)

l1:

where a, b and ¢ are constants.

(@) In the case where ¢ =0 and /, and /, intersect at
right angles, determine the coordinates of the
point of intersection of the two lines. [6]

(b) Now consider the case where ¢ =4 and lines /,
and /, are parallel.

(i) Find the values of a and 5. [3]

(ii) Determine the distance between the two lines.

[5]



12 In this question you must show detailed reasoning.

The roots of the equation -2+ e +d;+18 =0 are
o, %, B and —pf.

Determine, in any order, the exact values of the
following.

The FOUR roots of the equation
The value of ¢

The value of d [8]

13 The gradient of a curve y = f(x) satisfies the

d
differential equation xay —2y=2 +x2.

(a) Show that the integrating factor for this differential
equation is x 2. [3]

(b) You are given that the curve passes through the
point (1, 0).

By solving this differential equation, determine the
exact x-coordinate of the stationary point on the
curve y = f(x). [8]



14 (a) By using the definition of coshx and
sinhx in terms of ¢* and e, show that

cosh?x + sinh?x = cosh 2x. [2]

(b) The transformation T of the plane has associated

cosh sinh
matrix M, where M =| . o o and x > 0.
sinhx coshx

Show that T transforms the unit square with
coordinates (0, 0), (1, 0), (0,1)and (1, 1) to a
rhombus of unit area. [6]

(c) You are given that the length of each side of the
rhombus is 2 units.

Determine the exact value of x. Give your answer
in logarithmic form. [2]

10



15 (a) Show that (3 — e4i9)(3 — e_4i9) = a+ bcos 40, where
a and b are integers to be determined. [2]

The infinite series C and S are defined as follows.

_ 1 1 1

C—cosG+3c0359+9c0396+27cos139+...

o 1._. 1. 1 .

S—sm9+3sm59+95|n96+27sm136+...
3010

(b) Show that C+iS = 3. 46" [4]

9cosO —3cos 30 3]
10— 6cos406

(c) Hence show that C =

11



16 In this question you must show detailed reasoning.

The diagram shows the curve with equation
x+3
Vx?+9

y
A

=
|
N

The region R, shown shaded in the diagram, is
bounded by the curve, the x-axis, the y-axis, and the
line x =4.

12



(a) Determine the area of R. Give your answer in
the form p +1Ing where p and g are integers to be
determined. [6]

The region R is rotated through 27z radians about the
x-axis.

(b) Determine the volume of the solid of revolution
formed. Give your answer in the form n[a+ bm[%]]

where a, b, c and d are integers to be determined.

[6]

13



17 A researcher is modelling the height of a particular
type of tree over its lifetime.

Data suggests that the maximum possible height of
this type of tree over its lifetime is double the height
of the tree 5 years after planting.

It is given that, 7 years after planting a seed for this
type of tree, the corresponding height of the tree is
hm, and that # = 0 when 7= 0.

(@) The researcher first models the height of the
tree by assuming that the rate of increase of
h is proportional to (20 — /), with constant of
proportionality 0.2.

(i) Write down the first order differential equation
for this model. [1]

(ii) Show that this model predicts that the
maximum possible height of the tree is 20 m.

[1]
(iii) Show by integration that # = 20(1 — e %%). [4]

(iv) Determine whether this model’s prediction for
the height of the tree 5 years after planting is
consistent with the maximum possible height
of the tree being 20 m. [2]

14



(b) The researcher refines the model for the height
of the tree using the following second order
differential equation.

2
d“h dh .

(i) Determine the general solution of this second
order differential equation. [4]

(if) Show that the refined model also predicts
that the maximum possible height of the tree
is 20m. [1]

Further research determines that the initial rate of
growth of this type of tree is 2.9 metres per year.

(iti) By applying the initial conditions to find the
particular solution of this differential equation,
determine whether the refined model’s
prediction for the height of the tree 5 years
after planting is consistent with the maximum
possible height of the tree being 20m. [5]

END OF QUESTION PAPER

15



OCR

Oxford Cambridge and RSA

Copyright Information

OCR is committed to seeking permission to reproduce all third-party
content that it uses in its assessment materials. OCR has attempted

to identify and contact all copyright holders whose work is used in this
paper. To avoid the issue of disclosure of answer-related information to
candidates, all copyright acknowledgements are reproduced in the OCR
Copyright Acknowledgements Booklet. This is produced for each series of
examinations and is freely available to download from our public website
(www.ocr.org.uk) after the live examination series.

If OCR has unwittingly failed to correctly acknowledge or clear any
third-party content in this assessment material, OCR will be happy to correct
its mistake at the earliest possible opportunity.

For queries or further information please contact The OCR Copyright Team,
The Triangle Building, Shaftesbury Road, Cambridge CB2 8EA.

OCR is part of Cambridge University Press & Assessment, which is itself a
department of the University of Cambridge.

16



